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Abstract
A static spacetime with no centrifugal repulsion, previously studied by
Dadhich, is investigate in this paper. The source of curvature is considered
to be an anisotropic fluid with ρ = −pr and constant angular pressures.
The positive parameter from the line-element is interpreted as the invari-
ant acceleration of a static observer. The timelike and null geodesics of
the spacetime are examined. A regularized form of the metric is proposed,
rendering it finite at the origin. The energy density of the fluid becomes
finite and negative for any r and all the pressures are positive throughout
the spacetime. The Tolman-Komar energy W (r) is computed and proves
to be smaller than that one calculated with the Dadhich metric.
1 Introduction
The Einsteinean gravity is self-contained and links universally to all particles
including photons. In contrast, Newtonian gravity affects massive particles but
the massless ones behave as they felt no gravitation [1]. Moreover, in the clas-
sical gravity it is impossible to cancel everywhere the centrifugal acceleration.
As Dadhich [2] has shown, the additional attractive force due to the coupling
gravitational - centrifugal potential (a purely Einsteinean effect) counters the
centrifugal acceleration everywhere. He also proved that particles can have an-
gular velocity but no centrifugal radial repulsion. Dadhich further looks for
the physical source which gives rise to his non-asymptotically flat space, thus
introducing a global monopole of unit charge in an AdS spacetime. In addition,
the free of centrifugal forces geometry is singular at the origin (the curvatures
diverge there) but, however, r = 0 is a horizon of the spacetime.
Our purpose in this paper is to investigate the free of centrifugal acceleration
geometry and to give a different interpretation of the nature of the source of the
field. In our view, Dadhich’s constant k represents the invariant acceleration
(squared) of a static observer. The energy-momentum tensor corresponds to an
anisotropic fluid and its energy density and radial pressures change their sign
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at some distance from the origin of coordinates. We study further the timelike
and null geodesics and find that the test particle reaches the singularity after an
infinite time, following a spiral trajectory. We get rid of the singularity at r = 0
with the help of an exponential term in the metric coefficients which renders
the curvature invariants and the anisotropic stress tensor regular everywhere.
2 Anisotropic fluid stress tensor
We write down the ”‘free of centrifugal acceleration”’ spacetime as
ds2 = −g2r2dt2 + dr
2
g2r2
+ r2dΩ2 (2.1)
where dΩ2 = dθ2 + sin2θdφ2 stands for the metric on the unit 2 - sphere and
g is a positive constant. Our aim is to investigate the structure of the energy-
momentum tensor that leads to the metric (2.1), namely we look for Tab which
solves Einstein’s equations Gab = κTab, where Gab is the Einstein tensor and
κ = 8piG/c4 is Einstein’s constant. We take from now on c = 8piG = 1. One
obtains
T tt = −ρ = 3g2 −
1
r2
, T rr = pr = −ρ, T θθ = T φφ = 3g2 ≡ pt (2.2)
where pr is the radial pressure and ρ is the energy density. Eqs. (2.2) are rooted
from the general expression of the energy - momentum tensor for an anisotropic
fluid [3, 4]
T ab = (ρ+ pt)u
aub + ptδ
a
b + (pr − pt)sasb. (2.3)
In (2.3), ua is the timelike velocity vector of the fluid and sa is spacelike , on
the direction of anisotropy, with saua = 0 and s
asa = 1.
It is worth to notice that Dadhich [2] separated a Λ-term from T ab and,
therefore, in his model the transverse pressures are vanishing. We see from
(2.2) that pr = −ρ everywhere but the angular pressures pt are constant and
positive. In addition, ρ and pr change their sign at r = 1/
√
3g and T ab acquires
a Λ-form when r → ∞. In contrast, ρ and pr are divergent at the central
singularity r = 0 which represents a horizon of the spacetime. We mention that
there is no any central mass and, therefore, the origin of coordinates is arbitrary.
That was probably the reason why Dadhich used a unit charge global monopole
at r = 0 to justify the form of the spacetime (2.1). The central singularity is
rooted from the divergence of the scalar curvature and the Kretschmann scalar
Raa = −12g2 +
2
r2
, K =
4
r4
(1− 2g2r2 + 6g4r4) (2.4)
at r = 0. In addition, K is regular at infinity, i.e. K∞ = 24g
4.
Let us consider a congruence of static observers with the velocity vector field
ua = (1/gr, 0, 0, 0). The acceleration 4 - vector is given by
ab ≡ ua∇aub = (0, g2r, 0, 0) (2.5)
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The radial component ar = g2r from (2.5) is the acceleration our observer
would exert on a static particle to maintain it at r = const. Because ar > 0, the
gravitational field is attractive. From (2.5) we immediately obtain
√
gbcabac =
g. In other words, the constant g from the metric (2.1) is nothing but the
invariant acceleration of the static observer. This interpretation is supported
by the fact that for r >> 1/
√
3g, the energy density ρ ∝ g2, as in Newtonian
gravity, g being here the intensity of the gravitational field. We also observe
that the projection of ab on the radial direction is constant, too: abnb = g,
where nb = (0, gr, 0, 0).
Let us compute now the Tolman-Komar (TK) gravitational energy. We have
[5, 6]
W = 2
∫
(Tab − 1
2
gabT )u
aubN
√
γd3x, (2.6)
with N =
√−g00 = gr and γ is the determinant of the spatial three-metric. By
means of T ab from (2.2) and with the above u
a we get
W = g2r3 (2.7)
W is finite throughout the spacetime (2.1) and vanishes at the singularity. Even
though ρ < 0 in the region r > 1/
√
3g, W is positive everywhere because the
pressures carry positive contribution in (2.6). The same result (2.7) should have
been obtained if we calculated the gravitational energy by means of the formula
[7]
W =
1
4pi
∫
∂V
Nabn
b
√
σd2x, (2.8)
where σ is the determinant of the metric on the 2-dimensional boundary ∂V of
constant r and t and nb = (0, 1/
√
grr, 0, 0) is the spacelike normal on r= const.
hypersurfaces.
3 Geodesics
a) Timelike geodesics
The spacetime (2.1) is static and spherically symmetric and, therefore, we have
two Killing vectors, ξa(t) = (1, 0, 0, 0) and ξ
a
(φ) = (0, 0, 0, 1). Taking for conve-
nience θ = pi/2, (2.1) yields
g2r2 t˙2 − 1
g2r2
r˙2 − r2φ˙2 = 1, (3.1)
where t˙ = dt/dτ , etc. and τ represents the proper time. From −E = gabuaξb(t)
and L = gabu
aξb(φ), one obtains
t˙ =
E
g2r2
, φ˙ =
L
r2
(3.2)
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where E and L are the energy per unit mass of the test particle and, respectively,
the angular momentum per unit mass. The velocity field vector is given by
ua = (t˙, r˙, 0, φ˙). From (3.1) we get the radial equation
r˙2 = E2 − g2L2 − g2r2 (3.3)
We see that the constants of motion E and L appear on equal footing in (3.3),
excepting the minus sign in front of L. Therefore, we denote b =
√
E2 − g2L2,
(E > gL), a constant parameter. Moreover, we must have r ≤ b/g, i.e. the
particle motion is restricted to a finite range of r. Keeping in mind that r˙ =
(E/g2r2)dr/dt, one easily finds from (3.3) that
−
√
b2 − g2r2
b2r
= ±g
2
E
t+ C (3.4)
with C a constant of integration. Taking r = rmax = b/g at t = 0 as initial
condition, we have C = 0. The radial component of the equation of motion
reads
r(t) =
bE
g
√
E2 + b4g2t2
, (3.5)
where the sign in front of t from (3.4) was chosen so that dr/dt < 0 (ingoing
geodesics) because of the initial condition used. The radial geodesics is obtained
from (3.5) if we replaced b with E (L = 0). The last equation shows that the
test particle needs an infinite time to reach the central singularity. The curve
r(t) has inflexions at ti = ±E/
√
2b2g (r(t) is an even function and, therefore,
we may take into account the whole range −∞ < t <∞, comprising both signs
from (3.4); in other words, the particle starts at t = −∞ from r = 0, reaches
rmax at t = 0 and then falls free to the singularity when t→∞).
As far as the angular component is concerned, we have from (3.2)
dφ
dt
=
g2L
E
(3.6)
which leads to
φ(t) = ωt, (3.7)
with φ(0) = 0. The constant ω = g2L/E is the angular velocity of the test
particle. This very simple result comes from the particular form of the metric
(2.1).
We are now in a position to write down the curve r(φ). We pick up t(φ)
from (3.7) and introduce it in (3.5). Hence
r(φ) =
bL√
g2L2 + b4φ2
, (3.8)
where φ ∈ [0,∞). The trajectory is a spiral. The motion is not periodic due to
the lack of centrifugal forces keeping the particle stationary.
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b) Null geodesics
For the null curves we obtain from (2.1) ( ds2 = 0)
g2r2 t˙2 − 1
g2r2
r˙2 − r2φ˙2 = 0, (3.9)
where t˙ = dt/dλ, etc. and λ is the affine parameter along the null geodesics.
We have now
r˙2 = b2, (3.10)
namely r˙ = ±b which, combined with (3.2) yields
1
r(t)
=
1
r0
± bg
2
E
t (3.11)
with r0 = r(0) and (±) corresponds to the ingoing and, respectively, outgoing
trajectories. One observes that the condition t ≤ E/br0g2 ≡ tmax must be
obeyed, with r(tmax) =∞. The curves r(φ) are given by
1
r(φ)
=
1
r0
± b
L
φ (3.12)
where we have a φmax = L/br0 for the outgoing geodesics and r(φmax) =∞.
4 Cylindrically-symmetric case
Let us take now into consideration the cylindrically symmetric version of the
metric (2.1)
ds2 = −g2r2dt2 + dr
2
g2r2
+ dz2 + r2dφ2 (4.1)
where (r, φ) represents here the polar coordinates. The z = 0 hypersurface of
(4.1) corresponds physically to θ = pi/2 hypersurface of (2.1). The geometric
features here are very different compared to those of (2.1). We found that
the curvature invariants are regular everywhere. Moreover, they are constant:
Raa = −6g2, K = 12g4 and the Weyl tensor is vanishing (see also [8]). We
have again a horizon at r = 0 (that is no longer a singularity) and the same
expression for the acceleration (2.5) of a static observer. In contrast, the source
of curvature comes from a stress tensor with constant negative energy density
and positive pressures
ρ = − g
2
8pi
= −pr = −pφ, pz = 3g
2
8pi
(4.2)
From the expressions (4.2) we observe that the energy conditions WEC and
DEC are not satisfied (ρ < 0) but the NEC and SEC are always valid. As far
as the TK energy is concerned, one obtains
W =
g2r2
2
∆z (4.3)
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where an integration over a cylinder of radius r and length ∆z = z2 − z1 was
performed. Even though ρ is negative, W is, nevertheless, positive due to the
positive pressures.
We would like now to estimate the energy W enclosed by a cylinder with
r = 1m, ∆z = 1m and g = 10m/s2. One obtains W = (g2r2/2G)∆z ≈ 1012J .
For the energy density one obtains ρ = −(c2/8piG)g2 ≈ −5.1027J/m3.
5 Regularized spacetime
Eqs. (2.4) shows us that the metric (2.1) is singular at r = 0. We look now for
a regular form to render it finite everywhere. In the spirit of [9, 10], we add new
terms at the metric coefficients of (2.1) and obtain
ds2 = −(1 + g2r2 − e− 1gr )dt2 + dr
2
1 + g2r2 − e− 1gr
+ r2dΩ2, (5.1)
where f(r) ≡ 1 + g2r2 − e− 1gr > 1 for any r and f → 1 when r→ 0.
The exponential term in (5.1) replaces the monopole charge η2 from [2]. It
plays the role of a regulator, to make the curvatures and the stress tensor finite
throughout the spacetime. The sources of (5.1) are given by
T¯ tt = −ρ¯ = 3g2 −
1 + gr
gr3
e−
1
gr , T¯ rr = p¯r = −ρ¯,
T¯ θθ = T¯
φ
φ = 3g
2 − 1
2g2r4
e−
1
gr ≡ p¯t,
(5.2)
where ρ¯ is the energy density of the anisotropic fluid and p¯t are the transverse
pressure.
It is an easy task to find that ρ¯ < 0 and p¯t > 0 for any r > 0. Even though
the functions ρ¯(r) and p¯t(r), like f(r), are not analytic at r = 0, they however
acquire finite values at the origin, i.e. ρ¯→ −3g2 and p¯t, p¯r → 3g2 when r → 0.
In addition, the same values are reached at infinity. While ρ¯ has a maximum at
r = (
√
3−1)/2g, p¯t attains its minimum value 3g2(1−128/3e4) at r = 1/4g. We
also notice that, for r >> 1/g, f(r) ≈ g2r2 and (5.1) becomes (2.1). Moreover,
T¯ ab acquires a Λ - form, namely T¯
a
b ∝ Λδab . This is consistent with (2.2) (gr >>
1), when the spacetimes (2.1) and (5.1) become AdS (Λ = −3g2).
As long as the scalar curvature is concerned, it is finite, with
Raa = −12g2 +
1 + 2gr + 2g2r2
g2r4
e−
1
gr . (5.3)
We have also Raa → −12g2 when r → 0 and at infinity. A similar behavior has
the Kretschmann scalar K, i.e. K = 24g4 at the origin and at infinity.
Let us see now what energy conditions are satisfied by the energy-momentum
tensor T¯ ab. The WEC and NEC are, of course, not obeyed because ρ¯ < 0. We
have
ρ¯+ p¯t =
−1 + 2gr + 2g2r2
2g2r4
e−
1
gr , (5.4)
6
which is positive only for r ≥ (
√
3 − 1)/2g, the domain in which the NEC and
SEC are satisfied.
To take a look on some kinematical quantities, we investigate a congruence
of static observers in the geometry (5.1), where the velocity vector field is given
by
ub =

 1√
1 + g2r2 − e− 1gr
, 0, 0, 0

 (5.5)
The non-zero radial acceleration reads
ar = g2r
(
1− 1
2g3r3
e−
1
gr
)
≡ 1
2
f ′(r) (5.6)
Simple calculations show that ar > 0 for any r > 0. It vanishes when r → 0 but
diverges at infinity, where the exponential term becomes unity and f(r) ≈ g2r2.
Therefore, the gravitational field is attractive. Nevertheless, ar(r) is not a
monotonic function. It has two extrema, a local maximum close to the origin
and a minimum somewhere between 1/4g and 1/3g. In addition, ar(r) has an
oblique asymptote ar = g2r at infinity and a′(r)→ g2 when r → 0.
The TK energyW (r) may be computed by means of the formula (2.8) which
yields
W = g2r3
(
1− 1
2g3r3
e−
1
gr
)
. (5.7)
One notices that W → 0 at the origin and becomes divergent at infinity. As in
the previous non-regular case (Eq. 2.7), W may be written as W = r2ar, which
is positive for any r. Moreover, W (r) is not monotonic. We have two extrema
that could be found from
W ′(r) = (r2ar)′ = 2rar + r2(ar)′ = 3g2r2
(
1− 1
6g4r4
e−
1
gr
)
. (5.8)
The above equation is transcendental and it cannot be solved analytically. Nev-
ertheless, one notes that a necessary condition to have real roots is (ar)′ < 0,
that is they are located between the two extrema of the function ar(r) from
(5.6).
6 Conclusions
The curious Dadhich metric with no centrifugal radial repulsion is analysed in
this paper. We looked for a different interpretation of the stresses giving rise
to such a spacetime, compared to the global monopole introduced by Dadhich.
Contrary to the constancy of the transverse pressures, the energy density ρ =
−pr and they switch their signs at a definite value r = 1/
√
3g. They are also
singular at r = 0 due to the divergence of the scalar curvature. It is worth to
mention that the Tolman-Komar energy vanishes at the singularity because of
the pressures’ contribution. It is interesting to observe that the timelike and
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null geodesic particles have constant angular velocity ω = g2L/E and the curves
r(φ) are spirals.
We modified the metric (2.1) to render it regular at the origin thanks to
an exponential term added at the line-element. The energy density ρ and all
pressures are negative and, respectively, positive for any r > 0 and reach the
values ∓3g2 at r = 0.
For the cylindrically symmetric situation the stress tensor is constant, with
a negative energy density and positive pressures. In addition, the horizon at
r = 0 is no longer a singularity and the curvature invariants are constant.
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